INTRODUCTION
The dynamic behavior of rotating beams has been the subject of interest in many engineering applications such as helicopter blades, flexible robot arms, turbine blades and turbo-engine blades. In many of these applications, flexible beams are rotating at high angular velocities, and as a result the effects of the inertia centrifugal and Coriolis forces becomes significant. Furthermore, the centrifugal forces lead to a higher bending stiffness of the beam as compared to the case of a non-rotating beam. The rotation of the beam produces a geometric stiffening effect that is referred to in the literature as the centrifugal stiffening. Extensive research has been conducted in the past in order to properly account for this effect.
In the field of flexible multibody dynamics, the most widely used approach is the floating frame of reference formulation. In this formulation, a reference coordinate system is assigned to each body in the system. The motion of this coordinate system (also called shadow frame)
describes the gross motion of the body. Small deformations are measured with respect to this body coordinate system, and the total motion of the body is determined as the sum of the gross motion and the small deformation. The floating frame of reference formulation has been proved to be efficient in the analysis of large displacement/small deformation problems. For these problems and until recently, linear strain-displacement relationships were considered sufficient for the description of the small deformation. Kane et al [11] showed that under the described conditions, the results obtained using the floating frame of reference formulation incorrectly exhibit instability that is not present in the physical model. Simo and Vu-Quoc [18] demonstrated that, in the case of a rotating beam, linear theories predict inadmissible destabilization effects, even for extremely stiff beams. They showed that a second-order theory solves the problem. While the cause for this instability has not been completely explained, several methods have been proposed to successfully solve the problem [3, 4, 6, 11, 18, 19] .
In general, it is believed that the instability of the elastically linear models is due to the neglect of the coupling between the longitudinal and transverse displacements, so that the bending deformation of the beam does not cause any variation in the longitudinal displacement [11] . Wu and Haug [21] presented a solution based on substructuring the flexible bodies, and used bracket joints to impose the nonlinear connectivity conditions between the substructures. El-Absy and Shabana [6] showed that including the effect of longitudinal displacement caused by bending in the expression of the inertia forces leads to a consistent model that automatically accounts for the stiffening effect. Wallrapp and Schwertassek [14, 19] showed that it is possible to neglect the longitudinal displacements, which are indeed very small, and introduce the stiffening effect as a pre-stressed reference condition.
In addition to these important investigations that are essentially focused on multibody dynamics problems, many other authors examined the frequencies and vibration modes of centrifugally stiffened beams [8, 9, 12, 13, 20, 23, 24] . In many cases, the beam is modelled as a continuum and the equations of motion are solved using different techniques. For example, Schilhansl [13] used the method of successive approximation, while Wright et al [20] used the method of Frobenius to solve for the exact frequencies and mode shapes. The assumed mode method, however, remains the most widely used approach [8, 9, 23, 24] , despite the fact that the finite element method has been considered by several authors as demonstrated by the work of Putter and Manor [12] .
In this paper the problem of centrifugal stiffening will be addressed using a new finite element formulation for flexible multibody dynamics. The absolute nodal coordinate formulation, which was recently introduced [16] , will be used in this investigation. This is a non-incremental finite element procedure, that employs global coordinates as nodal degrees of freedom. Furthermore, two slopes instead of one angle are used to describe the rotation of the cross section of an Euler-Bernoulli beam element. This choice of the coordinates leads to isoparametric elements. The use of the absolute nodal coordinate formulation in the analysis of flexible multibody systems has been demonstrated in several previous piiblica-tions■ [5, 7, 22] . The equivalence between this formulation and the floating frame of reference formulation was also demonstrated [1, 17] . In the first presentation of this method, the expression of the elastic forces was obtained using a linear strain-displacement relationship, and for this reason centrifugal stiffening effects were not accounted for. More recently, a continuum mechanics approach was proposed to calculate the elastic forces [2] . It is the purpose of this paper to demonstrate that this new method automatically takes into account the stiffening effects. The absolute nodal coordinate formulation will then be used to calculate the natural frequencies and mode shapes of a rotating beam. Several numerical examples are provided, and the results are compared with the results reported by different authors.
The natural freqiiencies for different configurations of a rotating beam are also reported in this paper.
FORMULATION OF THE INERTIA AND ELASTIC FORCES
In the non-incremental absolute nodal coordinate formulation [16] , the nodal coordinates of the elements are defined in a fixed inertial coordinate system, and consequently no coordinate transformation is required, the mass matrix is constant and the Coriolis and centrifugal forces are identically equal to zero. In the absolute nodal coordinate formulation of nonshear deformable elements, no infinitesimal or finite rotations are used as nodal coordinates and no assumption on the magnitude of the element rotations is made.
In this investigation, two dimensional Euler-Bernoulli beam elements are considered.
Each element is assumed to be slender, so that its configuration can be uniquely described by the geometrical configination of the neutral axis. The global position vector r of an arbitrary point P on the neutral axis is defined in terms of the nodal coordinates and the element shape function, as r = r 2 Se,
where S is the global shape function which has a complete set of rigid body modes, and e is the vector of element nodal coordinates: 
and ^ = x/Z. It can be shown that the preceding shape function contains a complete set of rigid body modes that can describe arbitrary rigid body translational and rotational displacements.
The kinetic energy of a beam element can be defined as
where p and V are, respectively, the density and the volume of the beam in the current configuration. Using Euler-Bernoulli beam assumptions, it is possible to write Eq. 7 as
where the explicit form of the mass matrix M is given in the appendix.
Following Eider-Bernoulli beam theory, the strain energy can be written as
2 Jo where ei represents the longitudinal deformation, and K is the curvature of the beam. From the expression of the strain energy, the vector Qk of the elastic forces can be obtained as Qfc = (dU/de) T . This vector can then be written as the product of a stiffness matrix K and the vector of nodal coordinates, as Qfc = Ke. Different approaches can be followed in order to further develop the expression of the strain energy U and express it in terms of the generalized coordinates. From this expression the stiffness matrix K can be defined. In [16] , a local element coordinate system is introduced to define the beam deformation. This approach results in a highly nonlinear expression for the elastic forces. It is shown that different local element coordinate systems lead to the same results [1] , and more important for the subject of this paper is the fact that the stiffness matrix K, obtained by introducing a local element coordinate system and a linear strain-displacement relationship, leads to the instability problem when the angular velocity of the beam reaches a critical value.
Using a nonlinear continuum mechanics approach, a different expression for the stiffness matrix K can be obtained [2] . The stiffness matrix can be written as
where K/ is the nonlinear stiffness matrix due to the longitudinal deformation of the beam, while K t is the stiffness matrix due to the transverse deformation. The complete expressions for these stiffness matrices are given in the appendix of this paper.
The vector Q, which contains the generalized external forces, including the gravity force, can be defined using the virtual work as
and using the previous expressions of the kinetic energy, strain energy, and the virtual work, the dynamic equations of the finite element can be obtained in a matrix form as follows:
The solution of this matrix equation, which is obtained using the absolute nodal coordinate formulation, is compared in the following section with other methods that account for the effect of the geometric centrifugal stiffening.
OTHER METHODS
Several other methods that account for the effect of the geometric centrifugal stiffening were proposed. Among these methods are the ones proposed by Wallrapp and Schwertassek [14, 19] and Wu and Haug [21] . Wallrapp and Schwertassek [19] showed that it is possible to neglect the small longitudinal displacements and introduce the geometric centrifugal stiffening effect as a pre-stressed reference condition. Wu and Haug [21] divided the structure into smaller substructures which are rigidly connected using algebraic constraint equations.
These algebraic equations can be augmented to the differential equations of motion using the technique of Lagrange multipliers, or can be used to eliminate dependent variables.
In this section, some of the results obtained using the absolute nodal coordinate formulation are compared with the two above mentioned methods, using two of the examples Table 1 . The rotation of the beams is specified, and the equation that defines the angle of rotation of the beam is assumed in the following form: Haug [21] . For the models used in Fig It appears from these preliminary numerical results that the elastic force model obtained using a continuum mechanics approach (Model A) aixtomatically accounts for the centrifugal stiffening effect. It is important, however, to provide an analytical proof of this fact. Due to the high non-linearity of the problem, a general proof is difficult to obtain. For this reason,
we will limit our analysis to the important case of small deformation. This case is important for the following two reasons: 1) it covers a vast class of engineering applications; and 2) the neglect of stiffening effects leads to incorrect results regardless of the amount of deformation, as previously pointed out by Simo and Vu-Quoc [18] , who showed that the solution exhibits instability even for extremely stiff beams, which undergo only very small deformations. It is, therefore, the purpose of the next section to demonstrate that the formulation based First, the case in which the beam is represented using only one finite element is considered.
In this case, the configuration of the beam is specified using the eight nodal coordinates 
where M is the mass matrix of the beam, M t is the mass matrix associated with the tip mass, K is the stiffness matrix which can be written using the sum K; + K 4 as previously discussed, and Q r is the vector of the generalized forces that include the constraint forces due to the rigid joint between the beam and the hub. These rigid-joint constraints define a constraint force whose components are P x and P y , and a constraint moment T. Using the absolute coordinates, the virtual work of this force and moment is 6W r = P x 6ei+Py6e 2 +rö9 = QjF<5e, where the virtual variation of 9 is [16] :
e' + el
Hence, the expression of Q r is given by
-e 4 V ei+e ?T -g-zT 0 0 0 0
where P x , P y and Y are unknown reaction components. In this analysis, the rotation of the hub is specified, and its motion is not the subject of our investigation. As a result of the hub rotation, e\ -i? cos fit, e^ = R sin fit and 9 = fit, where fi is a constant. system has a constant angular velocity fi, as shown in Fig. 9 . Note also that in Eq. 18, only five coordinates are required due to the constraints that define the rigid joint between the beam and the hub.
The relationship between the absolute nodal coordinates e and the new set of coordinates q is given by e = Bq + e r , 
Because of the structure of the matrix B and the vector e r , differentiation with respect to time leads to B = -fi 2 B and e r = -fi 2 e r . As a result, the vector of absolute nodal accelerations can be written as e = Bq + 2Bq -fi 2 Bq -fi 2 e r .
Using Eqs. 20 and 23, Eq. 15 can be written in terms of the independent coordinates <& only. Substituting Eqs. 20 and 23 into Eq. 15 and pre-multiplying by B T resiilts in
Note that B T Q r = 0, which is a direct consequence of expressing the dynamic relationships in terms of the degrees of freedom. Using the definition of the mass and stiffness matrices given in the appendix, the matrices M and C that appear in Eq. 24 can be written more explicitly as 
Note that the matrix C is skew-symmetric. Using Eq. 10 and the definition of K; given by Eq. A-5 in the appendix of this paper, the stiffness matrix K of Eq. 24 can be written as
where could become the source of the instability, unless the elements of the matrix K also increase.
On the other hand, the matrix K is a linear function of the longitudinal strains e A , £M and £B, which play a key role in this problem. It is important to point out that the relationship between e A , £M and e B and the independent coordinates q t is highly nonlinear (see Eq.
A-4 in the appendix). Consequently, the stiffness matrix K is a nonlinear function of the 
It is convenient to write the vector q 0 as the sum of two vectors,
where q r & represents the rigid-body (undeformed) configuration of the beam, and q §o contains the deformation terms. This representation is convenient as the elements of q^o are very small. In fact, using Eq. A-8 given in the appendix, it is possible to write:
where the subscript 0 means that the quantities are not time dependent.
The equation that governs the static equilibrium in the rotating coordinate system can then be written as
In this eqtiation, for the stated assumptions, the vector q^o is negligible with respect to the vector q r fe. Furthermore, it is possible to show that the following equation holds:
where
This matrix is constant and can be explicitly written as These values correspond to the exact analytical solution, according to which the strain distribution is parabolic, and it has a maximum at the left end, as shown in Fig. 10 . This result is a good test for the force model introduced in Section 2, as for this small deformation problem the solution is equal to the correct analytical solution. 
General Solution
and the matrix K becomes
where Ko is the matrix that is obtained from Eq. 27 using EAO, SMO and EBO, and Kg is the 
which, after eliminating the static solution and the second order term Kgq^, yields
It can be shown that the product K^qo can be written as follows:
where the matrix K^0 is defined by Eq. 38. After substitutions, the final form of the equation of motion is given by
where the equivalent stiffness matrix K eg is defined as
Note that the stiffness matrix K eq is constant as a result of using variables defined in the rotating coordinate system and as a result of the linearization assumption.
A solution for Eq. 53 of the type qs = Q^e The fact that the Liapunov function is constant implies that any increase in the velocities |q<5| is balanced by a decrease in the value of the coordinates |qg|, and vice-versa. Hence, the motion is oscillatory and V is called a weak Liapunov function for the system, as the particular solution is stable but not asymptotically stable. The skew-symmetric matrix C neither introduces nor dissipates any energy in the system.
REMARKS ON THE COUPLING BETWEEN AXIAL AND BENDING

DEFORMATIONS
It is important to point out that the stiffness matrix ~K eq defined by Eq. 54 is constant as a result of linearization of the equations of motion which have been obtained using a nonlinear strain-displacement relationship. This is a key step in the development, since an early linearization of the strain-displacement relationship would not be sufficient to represent the stiffening effect. Both models, Model 0 and Model A, are based on the expression of the strain energy given by Eq. 9. The key difference is in the way the longitudinal strain ei is measured. Model 0 employs a local element coordinate system in which a longitudinal displacement ui is measured; then the longitudinal strain is defined as [16] :
where £ is a coordinate along the axis tangent to the beam centerline. In Model A there is no need to introduce a local coordinate system, since the longitudinal strain is defined as
ei = l(f-l). (63)
Here / is the deformation gradient for longitudinal deformations [2] , and its value depends on longitudinal displacements as well as transverse displacements. A development based on Eq. 63 would result in a nonlinear stiffness matrix even when local element coordinates are used. In this paper, in order to obtain a constant stiffness matrix, the assumption is made that the time dependent term q § introduced in Section 5 is small as compared to the constant term q 0 , so that the effect of q^ on the stiffness matrix becomes negligible. This assumption, however, does not affect the coupling between the longitudinal and transverse displacements, which does not exist when Model 0 is used [1] . Therefore, in Model A, the bending deformation of the beam depends on the longitudinal displacements when either a fixed or an element frame is used to define the element coordinates.
NUMERICAL RESULTS
In this section, the mathematical model presented in the previous section will be used to determine the natural frequencies and mode shapes of the system shown in Fig. 8 . The system consists of a beam attached to a rigid hub with a mass attached to the other end.
While in the previous section the analysis was made using only one element, the results presented in this section are obtained using ten elements. Hence, the equation that governs the vibrations of the beam is similar to Eq. 53, with the exception that it is generalized for the case of an arbitrary number of finite elements. All the results are presented in a non-dimensional form. Given the parameter
El
Wo== \te' (64) which has the units of an angular velocity, the natural frequencies u>i are expressed with the ratio Lüi/ujQ, while the speed of rotation f2 is expressed using the ratio 7 = ^M).
It is possible to check the results obtained when the beam is not rotating, since the analytical solution for this problem exists in the literature [15] . Table 2 
where u is the natural frequency when the angular velocity equals 0, while UJQ is the natural freqxiency when the angular velocity is equal to zero; </> is called Southwell coefficient. The results obtained with the absolute nodal coordinate formulation are in very good agreement with the values of the Southwell coefficients proposed by Schilhansl [13] , who found the following relationships for the first two bending frequencies:
The approximated results presented in Figs. 13 and 14 have been obtained using these expressions for the Southwell coefficients.
SUMMARY AND CONCLUSIONS
It is demonstrated in this paper that the effect of the geometric centrifugal stiffening can be automatically accounted for in the finite element absolute nodal coordinate formulation.
A continuum mechanics approach is used to obtain the nonlinear expression for the elastic The matrix K/ of Eq. 10 is written as sum of three matrices that depend on the three Using the relationship between the coordinates e; and q { as given by Eq. 20, one obtains
The terms EA and EB physically represent the longitudinal strains at A and B respectively;
and EM represents the average longitudinal strain along the element length. Using these three quantities, the stiffness matrix K; can be written as Time (sec)
16.00 20.00 Fig. 3 . Rotation of the free end predicted for the spin-up maneuver of an eccentrically suspended beam using the absolute nodal coordinate formulation and 2 elements. 
